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Section 5: Transforming Exponential Functions, and 

A Different Look at Linear Functions

~Teacher Notes

Objective 1: Students will be able to make an accurate sketch of vertically shifted and/or reflected exponential functions, and to identify the equation of a base two exponential function from its graph. 


 This section will focus on a rather limited group of exponential functions: ones that always use the base of 2, and have only been transformed with a vertical shift and/or a reflection across the x-axis. As with other function families and their transformations, the goal is to be able to make an accurate sketch given the equation, and to identify the equation given a sketch. 


Have students read aloud as a class the ‘Important Informational Introduction’ before setting them out on the exploration, and allow for discussion of the points mentioned. Specifically, i) 2 is the smallest practical integer for a base, because 1x would simply be a horizontal line; ii) a useless transformation? Observe:
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So you can see that horizontal shifting and vertical stretching overlap, making horizontal shifting somewhat pointless. Teachers should decide whether or not they want to reveal this “quirk” about exponential functions, or let sleeping dogs lie, but to continue, iii) students may aver that the y-intercept seems like a useful locator point, but you can demonstrate that it changes when a changes, or when a different base is used, and finally, iv) if humans do not fully recognize the connections of population growth, economics, resource depletion, radioactive half-life, etc with the mathematics of exponential functions, our survival is surely even more in jeopardy. 


“Exploring Exponential Functions” approaches the exponential function in much the same way that the other activities do, but as mentioned in the I.I.I. this section only deals with vertical shifting and reflections. Teachers should note that in #4 we’re looking for the recognition that the asymptote is also shifted up along with everything else. Question #10 can be answered correctly both ways; it really doesn’t matter if the graph is reflected and then shifted, or vice-versa, however if the shift is done first, then the reflection isn’t across the x-axis, it’s across the asymptote. To keep the idea of “reflecting across the x-axis” intact, teachers may stress that order of operations would suggest reflecting first, then shifting. This idea is also explored in the practice problems.  Finally, students may need some assurance with problems like 11d or 12b that it’s ok if the constant precedes the base in the equation. 

See “Exploring Exponential Functions”

*  *  *

In “Practice 5.1” we give students more opportunity to practice identifying the horizontal asymptote, graphing, and writing equations

See “Practice 5.1”
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Objective 2: Students will analyze, transform and identify linear functions in a modified point-slope form, and recognize its similarity to other graphing forms. 


In this section we look at the point-slope form for a linear equation and modify it slightly to closely resemble the graphing forms used previously in the unit. “A New Look at Linear Functions” explains to students the modifications that change 
[image: image2.wmf]y

y

m

x

x

-

=

-

1

1

(

)

into
[image: image3.wmf]f

x

a

x

h

k

(

)

(

)

=

-

+

. This is a strictly informational section, with no student activity required. The class can move directly into the practice problems after discussing “A New Look at Linear Functions”.

We make the point here that in the graphing forms, the letters h and k are used for the coordinates of a special point on the curve, be it the vertex or inflection point, and the letter a controls the rate of increase or decrease of the function. This is exactly the function of x1, y1, and m, respectively, in the point-slope linear function and with a very small algebraic adjustment point-slope is turned into the graphing form used in this unit. Since it is linear, of course the exponent of the quantity (x – h) is one. We are not advocating permanently altering point-slope form, but simply demonstrating how it is not that much different from what we’ve been focusing on this unit, and hopefully making point-slope seem a little more useful and friendly in the process. 


The practice problems for this section ask students to look at linear functions in much the same way that traditional textbooks do, but within the context of function transformations. The phrase “modified point-slope form” refers to
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. Teachers can give their students struggling with problems in Part 3 the tip of first identifying the slope, then tracing out the described path of the y-intercept to arrive at the point (h, k). 

See “A New Look at Linear Functions”, and “Practice 5.2”

There is also a Team Test of the whole Function Transformations Unit, as well as a solo graphing test. 

FTU/Section 5/Teacher Notes
Exploring Exponential Functions

Important Informational Introduction


Exponential functions are similar to the other function families that we’ve discussed in the sense that their equations can be written to show vertical and horizontal shifts, reflections across the x-axis, and vertical stretches or compressions. We will use the basic “parent graph” equation of 
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. (It’s true that some other number could be used for the base, but 2 is the smallest integer that can be used for this function. What do you think would happen if we used 1 instead of 2?) 

It probably wouldn’t surprise you much to learn therefore, that the general graphing form for this family might be written as:   

(1)               
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As with the other functions a stretches or compresses the graph or reflects it across the x-axis, h controls horizontal shift, and k controls vertical shift. 


However, exponential functions have some interesting quirks about them that make some transformations rather tricky or even useless.  Also, the concept of a “locator point” is of limited value with exponentials. Exponentials are an extremely important family of functions, so much so that it would not be an exaggeration to say that the survival of our species depends on an understanding of exponential functions! Therefore, they will be treated more thoroughly and with more detail in future chapters and in future math courses. This introduction to exponential functions will be limited to just two types of transformations: vertical shifting and reflecting across the x-axis. Therefore a will always equal 1 or -1. For a “locator” we will use the most identifiable feature of the exponential graph: the horizontal asymptote. 

Directions: Work with one or two other students and a graphing calculator and answer all questions with complete sentences wherever appropriate. Make your sketches reasonably accurate. 
1.  In the suggested equation form above (1), which of the three ‘controls’ (a, h, or k) determines how far and which direction a function is vertically shifted?  ______________  Which determines a reflection across the x-axis? _______________

2.  Enter the equation 
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.  Describe the shape of the graph and especially comment about the left-hand portion of the graph. Why do you think it appears this way?  ______________________

_______________________________________________________________________________3.  Change your equation so that the graph of 
[image: image8.wmf]y

x

=

2

is shifted up 3units. What is the new equation?__________________________________________________

4. Now describe what the left-hand portion of the graph looks like. _________________________

_______________________________________________________________________________5. How would you change the equation to make the graph reflect across the x-axis? 

_______________________________________________________________________________

6. Add the equation 
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 in the graphing calculator.  How does this graph relate to the exponential? ____________________________________________________________________

_______________________________________________________________________________

7. The left-hand portion of this exponential graph flattens out to be practically indistinguishable from the line 
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. If you could draw an impossibly fine line with impossibly high precision you would notice that the curve gets closer and closer to the line, but they never actually touch, no matter how far you went to the left. Any line that a function gets closer and closer to is called an asymptote for that function. 

· The line 
[image: image11.wmf]y

=

3

 is the horizontal asymptote for the graph of 
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8. Now enter the function 
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 in the graphing calculator. What appears to be the horizontal asymptote?  _________________What else is different about this function? ________ 

______________________________________________________________________________

9. Enter the equation 
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. Is this the horizontal asymptote? __________ 

10. The function in #8 has two transformations. What are they, and which do you think was done first? __________________________________________________________________________

_______________________________________________________________________________

11. Without using your graphing calculator, write the equation of the horizontal asymptote for each exponential function. Circle the one that has been reflected across the x-axis. 

a) 
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_______________
_______________
      ______________
         _________________

12. Make an accurate sketch of each of these exponential functions. Also sketch the horizontal asymptote with a dashed line. 

a)
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13. Complete: “In the function, 
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 the equation of the horizontal asymptote is 

                               ________________________________.”

FTU/Section 5/Exponential Functions

Practice 5.1: Transforming Exponential Functions

Part 1: Write the equation of the horizontal asymptote for each exponential function.
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Part 2: Make an accurate sketch of each function.
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Part 3: Answer each question. All exponential functions are of the form: 
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15.  Do all exponential functions have a horizontal asymptote, and how do you know what it is when you look at the equation? ____________________________________________________________

_________________________________________________________________________________

16.  What would the equation be to shift an exponential function up 1.71 units?  


______________________________

17. What would the equation be to shift an exponential function down 1.6 units and flip it upside down?  ______________________________

FTU/Section 5/5.1Practice 

A New Look At Linear Functions

You remember lines, don’t you? Of course you do, and you most likely remember something like
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, right? We’re not going to look at that right now. Instead, we are going to recall a different linear equation form called “point-slope form.” This form is derived from the formula for slope:
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By simply multiplying both sides by the denominator, you get the equation:
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This is what is traditionally called “point-slope form.”  Well, we’re going to mess with tradition, just a little. Just follow the logic. 

In Point-Slope form, the idea is that a linear equation can be written in terms of the slope of the line, m, and the coordinates of any (ANY!) point on the line, represented by 
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and 
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. What we want to do is recognize that this form is in nearly the same form as all the equations we have been studying this entire unit!  It’s true. Let’s compare the vertex form for a quadratic as an example.

Quadratic Vertex Form



          Point-Slope Form
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             a = “stretch factor”, controls steepness                              m = slope, controls steepness
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These are the essential features of these equations. To see even better how closely these two equation forms really are, do this simple bit of algebra: in the point-slope form, just add 
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to both sides. You get:
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Now replace a for m, and replace 
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where a now represents the slope, and 
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k

are the coordinates of any (ANY!) point on the line. Voila!

To even more clearly put it in context see the box below, which summarizes and compares all the equation forms we have studied this unit.


· Time to practice those linear functions in modified point-slope form!
FTU/Section 5/Linear Functions
Practice 5.2: Transforming Linear Functions

Part 1: Identify the slope and the given point on each linear function.

1. 
[image: image60.wmf]2

)

2

(

5

)

(

-

-

=

x

x

f




2.  
[image: image61.wmf]9

)

2

(

3

)

(

+

-

-

=

x

x

f


           3. 
[image: image62.wmf])

7

(

5

8

)

(

+

+

-

=

x

x

f


Slope:________ Point: _________
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4. 
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Part 2: Given the information in each problem, Write the equation of the linear function in modified point-slope form, and then in slope-intercept form. Box both of your equations.

7.  The line has a slope of -6, and goes through the point (4, -12).

8. The line has a slope of one-third, and goes through the point (36, 104).

9. The line is parallel to the line
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, but goes through the point (1, 1).

10. The line goes through the points (16, 4) and (54, 18). 

Part 3: Answer each question.

11. The line 
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is shifted up 10 units and to the right 24 units. Write the equation first in modified point-slope form, then in slope intercept form. 

12. The line 
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is reflected across the x-axis, shifted left two units and up four units. Write the equation first in modified point-slope form, then in slope intercept form. 

13.  The line 
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is reflected across the x-axis, then shifted down 8 units and left 16 units. Write the equation first in modified point-slope form, then in slope intercept form. 

Part 4: Use the graph to write the equation of the line in modified point-slope form. 
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FTU/Section 5/5.2 Practice

Function Transformations Team Test
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1. Make an accurate sketch of each function. 

a)  
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2. Identify the equation of each function.

a)___________________________

         b) ___________________________
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3. True or False? Circle one. 

a) All quadratics have a range of all real numbers. 


a)  True…….False

b) All cubic functions have a range of all real numbers. 

b)  True…….False

c) All exponential functions have an asymptote.


d)  True…….False

d) All exponential functions are increasing.



d)  True…….False

e) All quadratic functions are symmetrical about the y-axis. 
e)  True…….False

4. The graph at the left shows some function called
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5. The graph of 
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 has been transformed so that its line of symmetry is x = 4, and it has been shifted down 9 units. Name the vertex.
6. The graph of 
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 has been transformed so that its vertex is still (0, 0), but it now goes through the point (1, -2). What is the new equation?
7. The graph of 
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 has been transformed so that it is decreasing, its inflection point  

    is on the y-axis and it goes through the points (-1, 5) and (1, 3). What is the new equation?
8. Rewrite the equation 
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 using the function notation statements to determine a, h and k. Each statement is modeled on the form:  
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9. Rewrite the equation 
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 using the function notation statements to determine a, h and k. Each statement is modeled on the form:  
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FTU/Section 5/Team Test
Graphing Test

Function Transformations Unit

Part 1: Make an accurate sketch of each function.
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Part 2: Identify the graph of each function.

9. 



          10.



    11.



          12. 
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13. 



        14.



    15.



           16.
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FTU/Section 5/Graphing Test
Teacher Notes, 5.1





Teacher Notes, 5.1





Linear Functions……………………………….� EMBED Equation  ���


Quadratic Functions ………………………….� EMBED Equation  ���


Cubic Functions………………………………..� EMBED Equation  ���


Absolute Value Functions ……………………� EMBED Equation  ���


Square Root Functions………………………….� EMBED Equation  ���


Exponential Functions……………………………….� EMBED Equation  ���
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(80, 1425)





Team Member Names (Circle your own, please)

















Good Luck!
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_1245566164.unknown

_1245566215.unknown

_1245565449.unknown

_1245563913.unknown

_1245564902.unknown

_1245565301.unknown

_1245565310.unknown

_1245563937.unknown

_1245562326.unknown

_1245563413.unknown

_1245562282.unknown

_1245495092.unknown

_1245495700.unknown

_1245496136.unknown

_1245496504.unknown

_1245496024.unknown

_1245495201.unknown

_1245495240.unknown

_1245495138.unknown

_1245492251.unknown

_1245495021.unknown

_1245495063.unknown

_1245492470.unknown

_1245492158.unknown

_1245492194.unknown

_1245492015.unknown

_1245491489.unknown

_1245491670.unknown

_1245491727.unknown

_1245491965.unknown

_1245491708.unknown

_1245491543.unknown

_1245491585.unknown

_1245491514.unknown

_1245328641

_1245329740

_1245491449.unknown

_1245328985

_1245329528

_1245329538

_1245329595

_1245329509

_1245329520

_1245329468

_1245328850

_1245328427

_1245328613

_1245327768

_1245244208

_1245244716

_1245326947

_1245327103

_1245327320

_1245325853

_1245244429

_1245244661

_1245244218

_1245241017

_1245243673

_1245243775

_1245243837

_1245243168

_1244634808.unknown

_1245155365.unknown

_1245240540

_1245155139.unknown

_1244285392.unknown

_1244633311.unknown

_1244633561.unknown

_1244632691.unknown

_1243926198.unknown

