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A great deal of insight into the 
structures of liquids, glasses and 
crystals, and phase transitions 
between them has been obtained 
by studies on colloidal (typical 
surface-modified polystyrene 
sphere) systems. For example, the 
critical density for crystallization 
of hard spheres is known to be 
0.494 and between 0.494 and 
0.545, liquid and crystal phases are 
stable. Additionally, hard spheres 
are known to crystallize because of 
entropic reasons. Crystals (fcc) 
have the best packing meaning 
that each hard sphere has the most 
room to rattle around in. 

From: Anderson and Lekkerkerker, Nature
416 (2002) 811 (see for a mini-review).  
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If the density of the hard spheres is increased, whether a crystal is 
formed depends on boundary conditions. Peas in a cylindrical glass jar do 
not crystallize easily [an experiment performed by Stephen Hales in 1727; 
See R. Zallen, The Physics of Amorphous Solids, John Wiley, 1983.] 
Instead they form a random-close packed (rcp) structure which Bernal 
determined to have a packing efficiency of 0.63 (Cf. fcc at 0.74) Metallic 
glasses have structures that can be described by such packings. See the 
handout. The dual of this packing is continuous random network, found in 
SiO2 glasses.

It is important to consider that packings in 2D are quite distinct from 3D. 
One way of looking at this is to consider an attractive potential between 
disks (2D) and spheres (3D). In 2D, three disks will form a triangle, and 
these triangles can eventually (in the crystal) lead to hcp.

}
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In 3D, three spheres will form a triangle, and the fourth one will attach 
to the three to form a tetrahedron. Many tetrahedra should come 
together to form the crystal, but in fact, what is formed is an 
icosahedron which does not pack crystallographically. This is topological 
frustration. The local bonding rule is incompatible with crystalline 
packing. Liquid-solid transitions in 3D are never continuous.

One of the consequences in 2D of the crystal nucleus existing in the 
liquid (the triangles) is that the nature of 2D crystals is quite unusual 
and intermediate phases called hexatic phases are possible in 2D. These 
are phases with long range six-fold orientational order, but no long-
range translational order. See P. M. Chaikin and T. C. Lubensky, 
Principles of Condensed Matter Physics, Cambridge 1998, and K. J. 
Strandburg, Rev. Mod. Phys. 60 (1988) 161.
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One way that 2D crystals lose their long-range translational periodicity is 
through the formation of disclinations:

(from Strandburg)

Disclinations become important for the structures of 
nanoparticles, liquid crystals, certain magnetic 
structures, block copolymer structures and liquid 
crystals.
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Liquid metals: Do they really have topological close packing ?

Evanescent x-ray scattering study of molten lead 
on Si. 5-fold local order is hard to directly observe 
in bulk liquids. 

Observation of five-fold local symmetry in liquid 
lead, H. Reichert, O. Klein, H. Dosch, M. Denk, V. 
Honkimäki, T. Lippmann and G. Reiter, Nature 408
(2000) 839.
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Mackay and Frank-Kasper polyhedra: Complex packings in intermetallics:

Third layer in an icosahedral
packing of equal spheres.

A. L. Mackay, Acta 
Crystallogr. 15 (1962) 916.

NB: Single tetrahedron packs 0.78
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Frank-Kasper polyhedra with CN = 12, 14, 
15 and 16. These are common in many 
alloy phases. CN = 12 is an icosahedron.

The addition of extra atoms (for 
example, to CN = 12) can be considered 
similar to the introduction of 
disclinations.

F. C. Frank and J. S. Kasper, Acta
Crystallogr. 11 (1958) 184; 12 (1959) 483. 



Materials 286 G: Structural Families of Functional Inorganic Materials
Ram Seshadri x6129 seshadri@mrl8

Class 12: Liquid metals, intermetallics, metallic glasses and quasicrystals

Polytetrahedral clusters, J. P. K. Doye and 
D. J. Wales, Phys. Rev. Lett. 86 (2001) 
5719. 

The authors used a potential that favors 
polytetrahedral packing and found that 
the disclination networks of stable 
clusters look like stable hydrocarbons. 

The cluster on the top left (17 atoms) 
has one atom in the center of a CN=16 F-
K polyhedron.  The CN=16 F-K polyhedron 
is generated from an icosahedron by 
introducing 4 disclinations and so on …
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Quasicrystals: 

The Penrose tiling of darts and kites:

No translational periodicity (no unit cell) but sharp Bragg diffraction peaks 
(Alan Mackay, Birkbeck College, London). 
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Al-14% Mn. Metallic phase with long range orientational order and no 
translational symmetry, D. Schectman, I. Blech, D. Gratias and J. W. Cahn, 
Phys. Rev. Lett. 53 (1984) 1951.

The term quasicrystal was 
introduced by Steinhardt and 
Levine, Phys. Rev. Lett. 53 (1984) 
2477.
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The connection: D. R. Nelson and F. Spaepen, Polytetrahedral order in 
condensed matter, Solid State Physics (San Diego, CA: Academic Press) 42
(1989) 1-90. The question is how does one accommodate tetrahedral motifs in 
condensed phases: In liquids, the disclination network is dynamic and 
disordered; in metallic glasses, it is static and disordered; in quasicrystals, it 
looks like a Penrose tiling;  in intermetallics such as the F-K phases, the 
disclination network is crystalline. Also D. R. Nelson, Phys. Rev. Lett. 50
(1983) 982.
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