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Section 3: Cubic Functions

Teacher notes~

Objective 1a: Students will learn the graphing form 
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 of a cubic function and understand how the variables a, h, and k transform the graph.

Objective 2: Students will use the point symmetry of cubic functions to locate points and develop facility in graphing cubic functions. 

The student activity for this section does more than simply introduce the graphing form, which is nearly identical to the vertex form introduced in the previous section. Students will focus on the inflection point of the graph as its locator. Students will also study the relationship of a in the equation and the rate of increase or decrease by seeing that for the inflection point
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are also on the graph. In common language this means that a is the vertical distance between the inflection point and the point one unit either side of it. This serves the same purpose as the separate activity in section 2 that focused on drawing the graphs, so students will learn how to accurately draw cubic functions from this activity. Due to the very steep rate of change for these graphs, students will usually only need to plot the inflection point and two others, but if a is a small number, then they may need to plot a couple more points.


Another important summary point for teachers is the issue of the symmetry of these graphs. Students are left to their own talents in describing this feature, but teachers should include students’ answers to #4 in their class discussion. Cubic functions display point symmetry, meaning they are symmetric about the inflection point. Teachers can demonstrate this by drawing a line from any point on the curve through the inflection point, arriving at a corresponding point. This is most easily seen on 
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 of course, but the concept applies to all cubic functions. On this function a line through any point 
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[image: image6.wmf])

,

(

b

a

-

-

. 

See “Cubic Function Quest: Discovering the Finest Form for Graphing”

*  *  *

Teacher notes for 3.1 Practice

This practice further works students’ skills with graphing and increases familiarity with function notation. The first 9 problems are graphing cubic functions and employ variations on all three types of transformations. Teachers will probably need to remind students of the conclusions of the opening activity, namely the relationship between the value of a and the vertical distance between 
[image: image7.wmf])

h

(

f

and 
[image: image8.wmf])

h

(

f

1

+

. Student work should somehow be made visible to the class, if possible. 

Teachers should be willing to discuss the questions in #16; that the distance between the inflection point and the two points where the line through the inflection point is the same and is a part of the point symmetry of cubic functions. 
See “3.1 Practice”

*  *  *
Objective 3: Students will begin to generalize the rules for function transformations. 


It is at this point, after developing the vertex form and the cubic graphing form students should begin to generalize the rules for function transformations. This is an important part of the Function Transformations unit. In this activity students will view graphs that are not recognizable as [image: image111.wmf]2
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familiar functions as a means to do this. Depending on how much class time can be devoted to the third objective, teachers should provide some informational introduction for this activity, or at least teachers should pose the question “If this squiggle is really some function called f (x), what would we do to the equation to make it shift up 3 units? Right 3 units? Flip upside-down?” etc. It works best when students are given some time to collaborate in class. Nevertheless, the 3.2 Practice can be assigned as homework, as graphing calculators are of no help, but only after some direct instruction with examples from the teacher.  Teachers will need to decide how best to make use of this essential portion of the unit. 


To help students get more familiar with the concept, in the first part students will practice sketching the graphs of function transformations, and in the second part practice using function notation to identify a transformation. Teachers should demonstrate both of these skills. By choosing particular points on a graph and tracing the path to their corresponding points on the transformation one can determine the exact transformation. Furthermore, some of these problems use “stretching” or “compressing” a function by changing the value of a. It should be useful to point out to students that if a = 2 for example, all the y-values are doubled.  If
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. Only the y-values are affected by a change in a, but other transformations can be combined with a change in a. Guiding students through the example in part 2 is probably a good idea. 


Teachers can also provide a simple chart of the rules, or have the class come up with posters signifying the rules with examples. A simple chart might look like:
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As a side note on this exercise, all of the functions here are fairly straightforward piecewise functions. This exercise can be reused if and when students need more practice with that part of the curriculum, with the goal being to write the equations of each graph as a piecewise function.

Finally, and this should go throughout the entire unit, teachers should also routinely and frequently check for understanding on the meaning of such expressions as “
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”, and students should be able to respond with something like “It means that when x is -3, y equals 4.” Typically, it takes more time than one would think for a class to gain mastery and fluency with function notation, yet it is a critically important part of the language of mathematics. 

See “3.2 Practice: Generalizing the Rules”

Also included in this section is a short mixed review extra practice that does not include other power functions. More combined reviews will be included in later sections.

See “3.3 Practice: Combined Review”

FTU/Section 3/Teacher Notes
Cubic Function Quest: Discovering the Finest Form for Graphing

Work together with one or two students (a maximum of three) and at least one graphing calculator. Do each of the following tasks and answer each of the following questions in complete sentences.

1. Enter the function 
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 into the graphing calculator. Draw an accurate sketch below. 

2.   What is the name of the locator point for a cubic function?  ________________________________
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8.  What are the coordinates of the inflection point of
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9. What are the coordinates of the inflection point of
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?  ____________

10. What are the coordinates of the inflection point of 
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11. Complete this sentence: “The inflection point on the graph of 
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 is at  _____________.”
12. Let’s take
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. What change could you make in the equations to make the graph flip upside down? _______________________________________________________________________

13. Now enter the equation 
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into your calculator, and describe the transformation. 

_______________________________________________________________________________

14. What are the coordinates of the inflection point? _____________ 

15. Change the equation in # 14 so that the inflection point is at (3, 7.5). What is the new equation? 

__________________________. 

16. Change the equation in # 14 so that the inflection point is at (3, -3). What is the new equation? 

__________________________. 

17. Complete this sentence: “The graph of 
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 has an inflection point at ____________, while the graph of 
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   has an inflection point at ____________.

18. Now enter the equations
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19. What do all these graphs have in common? ___________________________________________

20. How are they different? __________________________________________________________

_________________________________________________________________________________

21. For each of the functions given in #18, complete the following tables. 
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22. Describe the pattern you see between the value of a in these functions and the y-values when x is one unit away from the inflection point. ______________________________________________________________

________________________________________________________________________________________

23. Let’s explore this idea a little more, by looking at the more complicated function
[image: image28.wmf]5

)

2

(

3

)

(

3

+

-

=

x

x

f

. 

23a. What are the coordinates of the inflection point?  ______________

23b. Write the coordinates of the points one unit away from the inflection point, that is, when x is one     

unit away on either side.  _____________ and _____________.

23c. Does the pattern you described in #22 hold true for this function? ______________

24. It’s time to summarize and combine what you’ve found. Use the variables a, h, and k to write a generalized form of a quadratic equation. Begin with “
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25. Fill in these blanks: In the function 
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 the inflection point is at ____________, and when x is one unit away from the inflection point the y-values are ____________________________

________________________________________________________________________________________________________________________________________________________________________________

26. Great job! Hopefully you have noticed that the equation form that helps graphing cubic functions is nearly the same as it is for quadratic functions, and that the transformations of the cubic function are practically the same as with quadratic functions. Plus you’ve got a start on how to draw an accurate sketch. 

FTU/Section 3/Cubic Quest

3.1 Practice: Graphing and Transforming Cubic Functions
Part 1:  For each of the functions given below do two things:

i) Write the coordinates of the inflection point.

ii) Make an accurate sketch on your graph paper 
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3. 
[image: image33.wmf]2

)

5

(

)

(

3

-

-

=

x

x

f


4. 
[image: image34.wmf]3

)

5

(

3

1

)

(

+

=

x

x

f
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6. 
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8. 
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9. 
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Part 2: Answer each question.

10. The graph of 
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 has been transformed so that its inflection point is (4, -1).  What is the equation?

11. The graph of 
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 has been transformed so that its inflection point is still (0, 0), but it now goes through the point (1, 5). What is the new equation?

12. The graph of 
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has been shifted left 4.4 units, down 0.5 units, and is upside-down. What is the new equation?

13.  The graph of 
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 has been transformed so that its inflection point is (-3, 0), and has a y-intercept at (0, -1). What is the new equation? (Hint: plot these points and sketch the curve.)
14.      The graph of 
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 has been transformed so that its inflection point is on the y-axis and it

           goes through the points (-1, 2) and (1, 4). What is the new equation?

15.      If the inflection point of a cubic function is (1, 1) can the graph go through the points (0, 0)  

           and (2, 3)? If so what is the equation? If not, explain why. 

16. Draw an accurate graph of 
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a) What is the y-intercept?

     b) With a ruler draw a line through the inflection point and the y-intercept. 

     c) What other point on f (x) does the line pass through? 

          d) Calculate the distances between the inflection point and each of the two intersection points.        
FTU/Section 3/3.1Practice  
3.2 Practice: Generalizing the Rules

Part 1, Sketching the graphs

Each one of the graphs at the top of each column is a function of some kind that we’ll simply call
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b)
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c) 
[image: image67.wmf])

(

x

f

-




    
c) 
[image: image68.wmf]2

)

1

(

+

+

x

g




           c) 
[image: image69.wmf])

3

(

2

-

-

x

h


[image: image70.png]


        
[image: image71.png]


              [image: image72.png]



d)
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3.2 Practice

Part 2, Identifying the Transformations and Using Function Notation

Each graph has two transformations to the right of it. Use function notation to identify the transformation, as is done in the Example.

  Example: 
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a)_______________ 
      b) ______________ 
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2. 
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(Is this graph a function?)

a)_______________
       b) _______________
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3. 
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a) _______________
       b) _______________ 
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FTU/Section 3/3.2 Practice

3.3 Practice: Combined Review

Part 1: Make an accurate sketch of each function.

1.     
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3. 
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4. 
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Part 2: True or False?

5. All quadratic functions have a domain of all real numbers. ___________

6. All cubic functions have a domain of all real numbers.  ____________

7. All quadratic functions have a range of all real numbers. ____________

8. All cubic functions have a range of all real numbers. _____________

Part 3: Answer each question.

9. For 
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 the equation of the line of symmetry is _____________

10. If a cubic function’s inflection point is (0, 0) and it goes through (1, -4), then the value of a is _____

11. Change the equation of 
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 so that its vertex is at (-2, 5) and it opens downwards.

FTU/Section 3/3.3 Practice

Quiz #2

Generalizing the rules.

Here is a function that we’ll call V(x).        
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5. Accurately sketch V(x + 2) -4. 

    6.  Accurately sketch –V(x) + 2
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BONUS!!

What family of functions do you think V(x) belongs to, and why?  

FTU/Section 3/Quiz 2
For any function f(x)


i)  f(x) + a       shifts the graph up a units


ii) f(x) – a       shifts the graph down a units


iii) f(x - a)       shifts the graph to the right a units


iv) f(x + a)      shifts the graph to the left a units


v) af(x)           vertically stretches the graph by a factor of a, if a > 1, or 


                       vertically compresses the graph by a factor of a, if 0 < a < 1, or 


                       reflects the graph across the x-axis if a < 0
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3. What are the coordinates of this point on� EMBED Equation.3  ���?_______


4.  Describe the symmetry of the graph. _________________


______________________________________________________________________________________________________


5. Now change the equation of your graph to: � EMBED Equation.3  ���and sketch the graph. Which way did it move?_________________


6. Without graphing it, make a conjecture about the graph of 


� EMBED Equation.3  ���: _________________________________________


7. Now enter the functions from #5 and #6 into the graphing calculator (if you haven’t already). 
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   1.   Write the expression required to make V(x) shift down 4 units: 











   2.  Write the expression required to make V(x) flip upside-down. 











    3.  Write the expression required to make      V(x) shift right 5 units.
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