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Function Transformations Unit
Project summary and goals


One of the central topics of a typical Algebra 2 course in high school mathematics is developing familiarity, facility and fluency with the graphs of functions. This could begin with fostering a basic familiarity of the “basic 6” families of functions: linear, absolute value, quadratic, cubic, exponential, and square root, and end with fluency in the language of transformations of these and virtually any other functions. The basic transformations to be studied are vertical and horizontal translation, reflections across the x-axis, and vertical stretching or compression. Students should be able to be presented with an equation of one of the basic 6 functions that has been altered in at least one of these ways and be able to make a fairly accurate sketch of that function. The unit should attempt to also show how the rules governing these transformations are almost universal, in that they apply in nearly the same way for other function families, as well.


A secondary goal of this unit is increasing students’ fluency with the language and symbology of function notation. Work with function notation will permeate the unit, and will connect naturally and frequently with visual representations of symbolic statements. 


This unit will be part of an Algebra 2 course in high school mathematics. It will be approximately the third or fourth unit taught. It should follow the first unit of the year in functions, where function notation and the definition of a function are introduced. It does not need to immediately precede the unit on quadratics, but typically would in most cases. Since it does not focus on one family of functions, but rather the rules for graphing functions, it will not go deeply into analysis of any one type of function. In this way, as the course progresses and more function families are introduced, the transformation rules are reinforced and reviewed. It is hoped that this unit will eliminate the need for some of the introductory material for other types of functions as the year proceeds, thereby making up for the time spent on it.


The final product of this project will take the form of Microsoft Word documents that use Equation Editor, and/or PDF files. These shall be available as hard copy, CD-ROM, or as downloadable files on the internet. These will include teacher notes and suggestions, guided-inquiry student activities, homework practices, quizzes, tests and other assessment tools, and solution sets. 

Connection to RET I


My project in RET I was with the Mathematics Department at UCSB. We worked on a computer simulation of schooling fish. When I joined, the project had been underway for some time, but the professor and graduate students had not found the solutions they were looking for. My involvement included learning some fish biology, some background on chaos and stochastic systems, but primarily I did a lot of trial and error work with the computer model trying to achieve certain solutions. By “solutions” I mean parameterizations that produce robust and authentic simulations of known fish schooling behavior.  As well as simple trial and error, we had to sometimes ‘think like a fish” and use polar trigonometry to stretch the model and create different sets of parameters. 


This basic scientific process: hypothesis, experimentation, repeat, works in mathematics also, and students can use it to “discover” mathematical models. The fish project used some advanced computing capabilities to quicken the experimentation process, and students also have adequate and easily available technology at their disposal: the graphing calculator. High school students can use these calculators to learn the connection between certain mathematical statements (equations) and the graphic representation of these statements. They can quickly see what happens when a parameter is changed, and can repeat the experiment in a short period of time to come to conclusions. When students come to these conclusions “on their own”, the experience is more memorable, and the ideas, it is hoped are more deeply learned.  

FTU/Opening statements
Unit Features and Details

· It should be about 8 schooldays long, including assessments

· Low technology based instruction. Nothing fancier than a graphing calculator

· Students should be able to make pencil-and-paper sketches without a graphing calculator.

· Students will use a guided inquiry-based approach to their learning. They will work in small groups or pairs with a TI-83+ graphing calculator. They will be given an opportunity to express themselves in writing and to present their work to classmates, as well as standard assessments.

· Should be compatible with any standard Algebra 2 textbook.

· Practice problems and some assessments are included

This unit assumes students have some understanding of:

· The x-y plane

· Input/output tables

· Function notation, i.e. 
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· Definition of a function, including domain and range

The following vocabulary and concepts will be introduced and/or reviewed:

· Transformations

· Reflections

· Domain and Range

· Linear, Quadratic, Cubic, Absolute Value, Exponential, Square Root.

· Independent/Dependent variable

· Point-slope form for a linear equation

· Vertex of a parabola

· Asymptote

· Inflection point

Unit Progression

· 1. Function Families: The Big 6 and their locator points

· 2. Quadratic Functions

· Extension: How to draw a parabola

· 3. Cubic Functions

· Extension: more power functions

· Generalizing the transformation rules 

· 4. Absolute Value Functions and Square Root Functions

· 5. Exponential Functions and Linear Functions in a modified point-slope form

FTU/Section 1/Unit Features and Details
Teacher Notes

Introduction: Function Families: The Big 6 and their Locators

Objective 1: Students will become familiar with the shape of quadratic, cubic, absolute value, square root, and exponential graphs, and describe transformations of these graphs.

Here are the “Big 6” Function Families

1. Quadratics

            2. Cubic


              3. Absolute Value 
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4. Square Root                                  5. Exponential

   
  6. Linear
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These functions were chosen because of their prominence in Algebra 2 textbooks and their distinctive shapes. Other families of functions, such as rational, semi-circular, or logarithmic could also have been included, but focusing on a few is expedient, considering the already large variety of topics in Algebra 2.   


Teachers should begin the discussion by giving students the reference page with the “Big 6” function families. The initial discussion is teacher-led, and teachers should provide students with examples of transformed functions.  Students should describe in their own words what the graphs look like, share their descriptions with each other, and immediately begin viewing transformations of these graphs to strengthen their ability to recognize and correctly name a family type. Students should be shown various examples of each type of function, so that they see how the functions can be transformed and look different, but still retain the basic characteristics of that function family. They should begin to describe in their own words what the transformation is for each graph. For example, students should look at this graph:

                                                [image: image9.png]



and be asked to name the family and describe how it has been transformed. Teachers should hope for answers like: “This is an absolute value graph and it’s been flipped upside down and shifted about 4 units right and about two units up. It also looks a little skinnier than a normal one. “


At this point there is no need to look at the specific equations, but we want students to recognize the family type and to get used to seeing and describing the graphs in various positions and orientations. Asking students to suggest things in their world that look like these functions (an archway, the letters A and V, or a waterslide) can give them something to connect to the graph. We also want students to become familiar with the vocabulary associated with graphs. 

      See “Student Reference Page: The Big 6 Function Families”
Objective 2. Students will learn a locator point for each graph (except exponential).


This unit will make extensive use of a feature of graphing known as a “locator point”. A locator point is the ordered pair that is expressed in the equation of a function. For example, in the equation
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, the locator point is (5, 2). This is the vertex of the graph of this absolute value function. Each family of graphs, except for exponentials will be presented in a way that the locator point is easily identified. In the case of exponential graphs, we will limit our scope to the horizontal asymptote.


This entire introduction can be a simple note-taking exercise and should include, by way of demonstration an introduction to the graphing calculator. Have students copy a hand-drawn sketch into their notes along with the locator’s name. Giving an organizational direction such as “Sketch the graph on the left side of your notes and write the locator’s name next to it” can help. This can be combined with the 1.1 Practice, having students include the locator’s name along with the family name in problems 1-12, and referring to the locator in their descriptions in problems 13-15.

Family

                             Locator

Quadratic

                   
      Vertex

Cubic

    
                 Inflection point

Absolute Value
                            Vertex

Square root

                 Vertex

Exponential

                 Horizontal asymptote

Line in Slope-Intercept form
       y-intercept

Line in Point-Slope form
      the point (h, k)*

See “1.1 Practice” for practice problems.

A Note About Graphing Calculators…


Several of the activities in this unit depend on using graphing calculators to complete the exercises. These are user-friendly tools that quickly demonstrate the properties we are trying to teach.  If this is the first time students have used them, some demonstration will be required. Teachers should anticipate this in planning their lessons. 

The other factor to consider is to what level are teachers willing to let the class become dependent on them. The question “Can we use them on tests?” will most certainly come up. It is strongly suggested that it be answered with “No.” Students who become dependent at the outset will be see their progress seriously retarded and may not meet the objectives of this unit. 


Teachers should clearly and frequently state that graphing calculators will not be allowed on tests, because the goal is to be able to sketch and analyze graphs without them. The analogy of integer operations in elementary school is perfectly appropriate: “What if you never had to learn your multiplication tables, or how to add and subtract numbers in your head?”  Students are learning a new skill, and having a machine do it for them goes against their best interests in the long run.

*It is possible to modify point-slope form to the form: 
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FTU/Section 1/Teacher notes
Student Reference Page

The Big 6 Function Families

2. Quadratics

            2. Cubic


         3. Absolute Value 
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4. Square Root                     5. Exponential

       6. Linear
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	Function Family
	Name of Locator Point

	Quadratic
	Vertex

	Cubic
	Inflection Point

	Absolute Value
	Vertex

	Square Root
	Vertex

	Exponential
	Horizontal Asymptote

	Linear in Slope-Intercept Form
	y-intercept

	Linear in Point-Slope Form
	The point (h, k)


Mark each of the graphs above with the locator point, or in the case of the exponential function draw the horizontal asymptote and write its equation. 

MEMORIZE THESE GRAPHS! You should be able to identify the family of a graph by its shape, even if it has been relocated or distorted. 
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FTU/Section 1/Student Reference Page

1.1 Practice

Part 1: Name the function family and the locator point for each graph. The first one has been done for you. 

1.   absolute value: vertex           2.                                                  3. 


_____
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4. 



     5.  



           6. 


____      
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7. 


_____     8. 



           9. _____________________
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10. 


_____     11. 



            12. ___________________
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Part 2: Describe the transformations of each graph in complete sentences. Describe which direction and how far each graph appears to have been moved, and comment about the shape of each graph relative to the original, untransformed graph. 

13. Original graph: 
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                             Transformed graph
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Description: _____________________________________________________________________

_______________________________________________________________________________

14. Original graph: 
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                             Transformed graph
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Description: _____________________________________________________________________

_______________________________________________________________________________

15. Original graph: 
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                            Transformed graph
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Description: _____________________________________________________________________

_______________________________________________________________________________

16. Original graph: 
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    Transformed graph
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Description: _____________________________________________________________________

_______________________________________________________________________________

FTU/Section 1/Practice 1.1[image: image43.png]



Teacher notes, 1.1





Teacher notes, 1.1





On this grid 


Draw a quadratic function with a vertex at (-6, 2)


Draw a cubic function with (5, -1) as its inflection point.


Draw a square root function with (-2, 1) as its vertex.


Draw an exponential function with y = -4 as its horizontal asymptote. Also draw the asymptote.
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